Linear gyro-kinetic simulations of the classical tearing mode in three-dimensional toroidal geometry were performed using the global gyro kinetic turbulence code, GKW . The results were benchmarked against a cylindrical ideal MHD and analytical theory calculations. The stability, growth rate and frequency of the mode were investigated by varying the current profile, collisionality and the pressure gradients. Both collision-less and semi-collisional tearing modes were found with a smooth transition between the two. A residual, finite, rotation frequency of the mode even in the absense of a pressure gradient is observed which is attributed to toroidal finite Larmor-radius effects. When a pressure gradient is present at low collisionality, the mode rotates at the expected electron diamagnetic frequency. However the island rotation reverses direction at high collisionality. The growth rate is found to follow a η 1/7 scaling with collisional resistivity in the semi-collisional regime, closely following the semi-collisional scaling found by Fitzpatrick. The stability of the mode closely follows the stability using resistive MHD theory, however a modification due to toroidal coupling and pressure effects is seen. 
FIG. 1.
Contour plots of (left) the parallel-radial mode structure of A and (right) the electrostatic potential, φ for a m = 2,n = 1 tearing mode. The vertical dashed line denotes the position of the q = 2 rational surface.
I. INTRODUCTION
A current density profile in a plasma can lead to instabilities that are able to change the topology of the magnetic field via the process of magnetic reconnection [1] . Resistive instabilities, and in particular tearing instabilities [2] [3] [4] are found in a wide variety of astrophysical and laboratory situations [5] .
In a magnetically confined tokamak plasma, reconnecting instabilities can form magnetic islands. This has a detrimental effect on the plasma confinement caused by the introduction of a radial component of the magnetic field [6] . The tearing mode can trigger a disruption, something which would be catastrophic to the ITER tokamak and therefore the tearing mode, and specifically, the neoclassical tearing mode (NTM) [7, 8] is expected to be the limiting factor on its operational plasma β [10] .
Much work has been performed numerically in studying tearing mode stability in both cylindrical and toroidal geometry [11] , using the Magnetohydrodynamic (MHD) framework. However for large current and future tokamaks a fully kinetic description of the physics in the resonant layer is needed for both the linear and non-linear regimes.
Linear theory is generally considered to be valid when the generated magnetic island has a width that is smaller than the singular layer. Above this width, nonlinear effects slow the growth of the island to an algebraic scaling [12] and eventually cause the island to saturate [13] . Recent work studying the effects of electromagnetic turbulence on the evolution of the tearing mode indicates a turbulent modification of the resonant layer, extending the suitability of linear theory to larger island sizes [14] , while it has also been seen that a magnetic island can have a profound effect on turbulence and transport [15, 16] .
Within the singular layer (Parallel wave-vector of the mode, k || = 0) the assumptions of ideal MHD break down and magnetic reconnection may take place. For a collisionless mode the mechanism of reconnection is the electron inertia, where the singular layer width, and in turn the growth rate, are related closely to the electron skin depth [17] . When collisions become significant, it is plasma resistivity which determines the singular layer width, producing a classical collisional tearing [3] or, more relevant for present day tokamaks, a semi-collisional mode [18, 19] . The mode frequency, and in particular, its direction is vital in predicting the nonlinear stabity of the NTM. Specifically the sign of the mode frequency, whether the mode rotates in the ion or electron diamagnetic direction, determines whether the polarisation current has a stabilising or destabilising effect [9, 23] particularly when the magnetic island is small [24] .
In this work the linear mode stability, growth rate and frequency is studied for the first time in three-dimensional toroidal geometry using the gyro-kinetic framework of equations. Parameters appropriate to modern and future Tokamak experiments are used. Gyrokinetics has been highly successful when applied to the study of drift waves, turbulence and transport but its use in the study of large scale MHD instabilities is still in its infancy. Recent work has studied two dimensional magnetic reconnection in a highly magnetised system [25] [26] [27] and the ideal kink instability [28] .
The paper is organised as follows. In Sec.II we describe the equations solved, while in Sec. III we outline how the tearing mode is implemented within the gyrokinetic framework. Sec. IV outlines the parameters used, and the resolution requirements. Sec. V and VI presents the scaling of the tearing mode growth rate and mode frequency with collisionality, and with the variation of the background density, temperature and current profiles.
II. GYROKINETIC FRAMEWORK
The self-consistent treatment of the tearing mode requires a radial profile in geometry and thermodynamic quantities. We use here the global version of the gyrokinetic code, GKW [29] . This is advancement on the already widely used flux-tube variant [30] .
The code solves the gyrokinetic set of equations. The full details can be found in [30] and references found therein. Here we outline the basic set of equations that are solved and in the next section the modification and assumptions used in driving the tearing instability.
The delta-f approximation is used. The distribution function is split into a background F and a perturbed distribution f . The final equation for the perturbed distribution function f , for each species, s, can be written in the form
where S is the source term which is determined by the analytically known, background distribution function, µ is the magnetic moment, v || is the velocity along the magnetic field, B is the magnetic field strength, m and Z are the particle mass and charge number respectively. Here, g = f + (Ze/T )v A F M is used to absorb the time derivative of the parallel vector potential ∂A /∂t which enters the equations through Ampères law. The velocities in Eq. The background is assumed to be a shifted Maxwellian (F M ), with particle density (n(r)) and temperature (T (r)) and toroidal flow velocity (ω φ (r))
which determines the source term,
The thermal velocity v th ≡ 2T /m, and the major radius (R) are use to normalise the length and time scales. Using standard gyro-kinetic ordering, the length scale of perturbations along the field line (R∇ ≈ 1) are significantly longer than those perpendicular to the field (R∇ ⊥ ≈ 1/ρ * ). Here, ρ * = ρ i /R is the normalised ion Larmor radius (where ρ i = m i v th /eB and v th = 2T i /m i ). The electrostatic potential is calculated from the gyro-kinetic quasineutrality equation,
where the first term represents the perturbed charge density and the second the polarisation density, which is only calculated from the local Maxwellian. The dagger operator represents the conjugate gyro-average operator. Similarly the parallel vector potential is calculated via Ampères law,
The gyro-average is then calculated as a numerical average over a ring with a fixed radius equal to the Larmor radius using a 32 point interpolation defined by,
where α is the gyro-angle, X is the position of the gyro-center and ρ is the gyro-radius. This gyro-average is used in both the evolution equation of the distribution function, as well as in the quasineutrality and Ampére equations and on both the electron and ion species. The nonlinearity (v χ · ∇g) is neglected in this study and its effects on magnetic island evolution and saturation will be left for a future publication. GKW uses straight field line Hamada [32] coordinates (s, ζ, ψ) where s is the coordinate along the magnetic field and ζ is the generalised toroidal angle and ψ = r/R ref is the normalised radial coordinate. For circular concentric surfaces [31] , the transformation of poloidal and toroidal angle to these coordinates is given by [30] (s, ζ) = (θ/2π, [qθ− φ]/2π). The wave vector of the island is k I ζ ρ i = 2πnρ * , where n is the toroidal mode number. GKW uses a Fourier representation in the binormal direction, perpendicular to the magnetic field. The radial and parallel directions are treated using a high order finite difference scheme so as to include global profile effects utilising Dirichelet boundary conditions in the radial direction, and open field line boundaries in the parallel direction. An example of the radial profiles used is seen in the middle panel of Fig. 2 .
The collision operator is particularly important to the growth and development of the tearing mode, as it can be resistive in nature. In GKW the full linearised Landau collision operator with momentum and energy conserving terms is implemented. However here, unless stated otherwise, we utilise only the pitch-angle scattering part. The differential part of the operator has the following form [33] 
Here the sum is over all species b and θ denotes the particle pitch-angle (v || = v cos θ). The coefficients can be obtained from the literature [33] and written in normalised form, suppressing the subscript N for the normalised quantities:
where erf and erf are the standard definition of the error function and its derivative. Finally, the normalised collision frequency, Γ a/b is given by
, n b is the scattering species number density, Z is the relative charge of the species and ln Λ is the Coulomb logarithm. v a and v b are the velocities of the scattered and scattering species respectively.
III. TEARING MODE IMPLEMENTATION
The tearing mode instability is driven by a non-homogeneous current density. In our implementation this is introduced by applying an electron flow profile in the equilibrium. The electron flow velocity is calculated selfconsistently from the imposed q-profile analogous to the method used in [18] for a kinetic calculation in slab geometry.
We assume that the background current is carried by the electrons, J = −n e v e e, i.e. that the electron flow velocity v e is larger than the ion flow and that it is a flux function. The current gradient is therefore related to the gradient in the electron flow, ∂u e /∂ψ, this profile is introduced to the code where ∇ω φ is written in equation 4.
We assume v e to be significantly smaller than the electron thermal velocity, thus the only term in Eq. 4 of interest is, ∇F M e = −2 The electron profile is related to the q-profile via Ampéres law, B · ds = µ 0 jd 2 A, which in circular geometry and assuming a low aspect ratio, becomes,
where the function F (r) = 1/2π dθ/(1 + cos θ) is approximated to be close to unity and subscript zeros represent constant values. We have used the definition q = 1 2π
R0Bp0 F (r) and therefore the poloidal magnetic field,
The gradient of the background current is given by the expression,
In this paper we make use of the Wesson analytic form of the current profile [36] which is defined by the expression,
which, in turn, gives a q-profile of the form,
where q a is the safety factor at ψ = a/R. This is related to the q on the axis, q 0 , by q a /q 0 = ν + 1, where ν is an integer that determines that peaking of the current gradient.
The density and temperature profiles have the radial form,
where R/L n = −(R/n)∂n/∂ψ and R/L T = −(R/T )∂T /∂ψ are the logarithmic density and temperature gradients at the reference radius, x 0 , ∆x is the profile width and w is the rising width.
IV. PARAMETERS
In this section we study the linear mode structure, a two-dimensional example of which is plotted in Fig. 1 , showing the radially elognated eigenfunction of the parallel vector potential (left panel) and the electrostatic potential (φ) which is highly localised around the singular layer at the q = 2 rational surface (dashed line). The growth rates and mode rotation frequencies are calculated for the following parameters unless stated otherwise in the text: 
Care must be taken in resolving the relevant scale lengths in each of the domain directions. The number of grid points in the poloidal, parallel velocity and µ directions were, N s = 32, N vp = 64, N µ = 16 respectively which were found to give converged growth rates to within a couple of percent. A single toroidal mode is considered, namely with the n = 1 mode number, the number of resonant poloidal modes within the domain is determined by the q-profile (q = m/n); as such the possibilty of mode coupling effects remain, particularly the toroidal coupling of modes with varying poloidal mode numbers (m) which is known to have a destabilizing effect [38] . The radial resolution required is dependent on the physics of the resonant layer. In the collisionless tearing mode the relevant scale length is the electron skin depth, δ e = c/ω pe , where ω pe = n e e 2 /m e 0 is the electron plasma frequency and c is the speed of light. The skin depth is,
The β e is the electron β defined by β e = n e T e /(B 2 0 /2µ 0 ), where n e and T e are equilibrium density and temperature and B 0 is the magnetic field strength at the outboard midplane. For collisional modes, the resistivity defines the width of the layer. Unless otherwise stated, we have used, N x = 512 radial grid points between ψ l = 0.03 and ψ h = 0.3 gives us three grid points within the skin depth for a normalised gyro-radius of, ρ * = 0.002815 (∼ 1/180) and a β of 0.1%, in the collisionless case without a background pressure gradient. Increasing collisionality and including a background pressure gradient has the effect of increasing the resonant layer width and with it the number of grid points within the layer. A hydrogen mass ratio plasma is studied due to a slightly more relaxed skin-depth resolution requirement over a deuterium mass ratio plasma while still maintaining applicability to experimental conditions.
In Fig. 2 an example of the radial eigenfunctions are plotted and compared with the result from an MHD shooting calculation performed in the cylindrical tokamak limit ( → 0). The safety factor and magnetic shear profiles used in this calculation are found in the second panel. The shift in the peak of the parallel vector potential with respect to the cylindrical calculation is consistent with previous work performed using an ideal MHD code [11] . Plotted is also the radial eigenfunction for a simulation using an aspect ratio of R/a = 10, closer to the cylindrical limit, which shows that the eigenfunction tends toward this cylindrical form as expected. The radial density and geometry profiles used are shown in middle panel. The third panel of Fig. 2 shows the second derivative of the radial profile of the vector potential. This shows clearly the position of the singular layer, the position where ideal MHD breaks down and a discontinuity in the derivative is produced. The bottom panel also shows the radial profile of the electrostatic potential (φ), showing the highly localised electric field at the rational surface, and the perturbed ion density profile (n i ).
V. TEARING MODE STABILITY.
The upper panel of Fig. 3 shows the stability of the tearing mode as a function of the current peaking parameter, ν and the safety factor at the plasma edge, q a . This is analogous to the diagram shown in [36, 42] , which shows the stability of the n = 1, m = 2 mode in cyclindrical geometry, n denoting the toroidal mode number, while m is the poloidal mode number.
The analysis in [36] considered a single m = 2, n = 1 mode, the outlines of which are also plotted in overlay (black lines). However we are unable to decompose the modes in this manner and consider, for example a m = 3, n = 1 mode in isolation. The different coloured points denote the dominant mode within a particular simulation determined by the amplitude of the mode at the relevant rational surface.
It is evident that there is good agreement with previous work, particularly when there exists only an m = 2, n = 1 mode within the domain. However, the results are complicated by the toroidal coupling of modes. Toroidal coupling has the effect of destabilising modes that would otherwise be stable [38, 39] , for example in lower panel of Fig. 3 we see the radial eigenstructure of a combined m = 2, n = 1 and a m = 3, n = 1 mode, the latter of which would otherwise be stable. The point at q a = 4, ν = 2 has only a q = 3 rational surface within the domain and is found to be stable. This is further manifested in the growth rate where this is plotted if Fig. 4 for the combined m = 2, 3 mode showing a general increase over the pure m = 2, n = 1 mode. The growth rate of the tearing mode is a function of the well known parameter [3] ,
across the singular layer, whose position is denoted by r s and upper and lower boundaries by r + s and r − s . This parameter represents the discontinuity in ∂A || /∂r and measures whether mode growth is energetically favourable (∆ > 0 for the mode to grow). As the growth rate of the mode is directly proportional to ∆ , measuring the growth rate allows us to study the mode stability. As such the above difference in growth rate between the coupled tearing mode and the pure m = 2, n = 1 shows that the toroidal coupling in this case has a destabilising effect (Increasing ∆ ), increasing the growth rate by a factor of 2.
It can be seen that points along the line q 0 = 1 are stable to the tearing mode. For the collisionality used in the figure (ν * ∼ 1.0, S = 5.10 4 ), a toroidal MHD analysis ( Fig.8 in [42] ) predicts that points along this line would indeed be stable, and the results from GKW are consistent with this, however, the mode is stabilised at a much lower Lundqvist number, S than is predicted in [42] . S is defined as the ratio of the Alven time (τ A = a √ µ 0 n i m i /B) and the resistive time scale τ R = µ 0 a 2 /η, where η = m e ν ei /(n e e 2 ).
VI. COLLISIONALITY EFFECTS ON GROWTH RATE AND ROTATION.
Fig . 4 shows the growth rate of the tearing mode as a function of the normalised collisionality (normalised to the trapping-detrapping rate, ν N = ν ei q/ 3/2 ), corresponding to a Ludquist number, S, range between 10 12 and 2 × 10 3 . A scan with no background density gradient (Black circles) and with a background gradient scale length of R/L n = 1.0 (Red circles) is presented. Firstly, at low collisionality the collisionless tearing mode is observed, their growth rates are plotted as horizontal dashed lines which are the low collisionality asymptotic values. These asymptotic values were checked for convergence by doubling the radial resolution (n x = 1024), the growth rate changed by less than 3% from the value using n x = 512.
As the collisionality is increased (and as such the resistivity) we see the expected increase in the mode growth rate. The (blue dashed) line represents the condition γ = ν ei and marks the boundary between the collisionless and semicollisional mode regimes, at this point collisions limit the electron response, which allows them to be accelerated, and broadens the resonant layer width. The semi-collisional theory only holds in the limit when γ < ν ei and the transition between semi-collisional and collisionless modes is clearly seen in our simulations. The growth rate obtained deviates significantly from the collisionless rate once the growth rate is greater than the electron-ion collision frequency.
Plotted are the analytic scalings for the resistive (Green dashes, η 3/5 ) and the semi-collisional tearing mode (Black dashes, η 1/3 ) obtained using a kinetic treatment by Drake and Lee [18] . However both of these give significantly stronger scalings than our calculated values. Good agreement, particularly when a density gradient is present, is found when we consider the semi-collisional scaling at high ∆ as given by the three fluid, two dimensional slab calculation by Fitzpatrick [19] . This predicts a scaling of the growth rate with η 1/7 (Light grey dashes). This corresponds to regime III in Fig.1 of [19] and was also found in a semi-collisional study of m = 1 modes [20] . The visco-resistive scaling as calculated by Porcelli (η 5/6 ) [37] was also considered, but the scaling is found to be much too strong.
The three fluid theory [19] utilises some ordering assumptions in its derivation; firstly that the electron beta is of the order of the mass-ratio ( √ β e ∼ m e /m i ), secondly we are in the low collisionality limit and finally, that all length scales are larger then the electron gyro-radius, both of which also hold in our calculations. This model was also derived without a background pressure gradient, however the scaling from our result seems largely invariant to this, as seen in the further two curves in Fig. 5 . The η 1/7 scaling found here requires a large ∆ in its derivation. This requirement, in turn, invalidates the constant-ψ approximation. To achieve a constant perturbed magnetic flux across the singular layer, diffusive processes must act to smooth out any perturbations, thus the growth rate of the mode must be slower than the time scale of the diffusive process or the magnetic island must be very narrow [21] . A rough estimate, using the resistive growth rate, states that the growth rate τ A γ S −1/3 for the constant-ψ approximation to hold. This equality is never really satisfied in the present simulations. In Fig 3 the radial profile of ∂A || /∂ψ shows that through the singular layer A || can not be considered constant. Direct calculation of ∆ in this case is difficult in toroidal geometry where the resonant layer width is not precisely defined, as such it can be merely estimated qualitatively. The kinetic calculation of [18] utilises the constant-ψ approximation, as such, with the parameters considered here, a scaling with η 1/3 is not expected (Of note, an assumption of ∆ → ∞ is utilised in [20] for an m = 1 perturbation, where the constant-ψ approximation can not be made).
The right hand panel of Fig. 4 shows the frequency of the tearing mode as a function of the normalised collisionality. We note that the tearing mode has a small but finite rotation frequency in the absence of a background density or temperature gradient. Kinetic analysis of the classical tearing mode [17, 18] in slab geometry has shown that, in the absence of equilibrium pressure gradients, the mode has no frequency (ω = 0) which is in contrast to our calculated values. Our calculation is a more complete description, performed in three dimensional geometry, and thus includes trapping and curvature drift effects. By artificially switching off the terms related to particle drifts in the gyro kinetic equation, it can be seen that this residual frequency is indeed a toroidal effect. When curvature effects are removed, the mode frequency is found to be essentially zero (Right hand panel of Fig 4) . At high collisionalities, (i.e ν * > 1) the frequency begins to decrease and eventually changes sign, rotating in the ion diamagnetic direction, something not predicted by previous analyses.
Presented in Fig. 5 is a collisionality scan (over the same range of parameters as Fig. 4) showing the growth rate and mode frequency in the presence of three different combinations of background density (R/L n ) and temperature gradients (R/L T ). The same scaling is seen as in Fig. 4 , however it is apparent that at high collisionality the mode starts to stabilise, apparent by the reduction of the growth rate.
Our result shows that the presence of larger pressure gradients causes a stabilisation of the mode at lower collisionalities. This is further evident in Fig. 6 where the growth rate and mode frequency is shown as a function of the equilibrium density gradient at fixed collisionality. Initially here the density gradient has a destabilising effect, causing the growth rate to increase. At higher gradients (R/L n > 1.0), the mode begins to stabilize. There are two key parameters in determining the nature of the tearing instability when considering the effects of equilibrium pressure gradients [40, 43] , which are noted for having a stabilising effect on the mode as they produce currents outside the resonant layer. The currents shield the singular layer from the magnetic perturbation, preventing reconnection and thus stabilising the TM [40] . This effect is a function of the normalised beta,
where L s = Rq/ŝ is the magnetic shear length, and a second parameter, a normalised collisionality,
2 where δ c is the semi-collisional resonant layer width. In the simulations presented it is possible that δ c ∼ ρ i ( [43] assume that ρ i > δ c ).
It has been shown analytically [40] that as the parameterβ approaches unity the tearing mode becomes entirely stable. The results presented here have values significantly lower, (β ∼ 0.05(R/L n ) 2 whereŝ = 0.65 at the q = 2 rational surface) but the stabilising effects of pressure gradients still become apparent. Analytical work has shown that toroidal geometry has a stabilising effect on the tearing mode [41] , however, at a low beta, as is used in this work, these effects will be small
The mode frequency of the tearing mode is plotted in Fig. 5 in the presence of a density and temperature gradient as a function of collisionality along with the corresponding collisionless asymptotes, while in Fig. 6 as a function of density/temperature gradient at fixed collisionality. Kinetic analysis of the mode shows that it rotates at the electron diamagnetic frequency related to the density and temperature gradient at the resonant layer when they are present. In GKW units the diamagnetic frequency is given by ω * e = −(R/L n )(k th ρ i )/2 = −0.0128v thi /R, for R/L n = 1.0 and R/L T = 0.0. When a background temperature gradient is also considered then, in the collisionless limit, the mode frequency is given by the expression, ω = ω * n + 1/2ω * T [18] , where ω * T = −1/2(k θ ρ i )R/L T which is the electron diamagnetic frequency associated with the temperature gradient, these prediced values are also plotted and their scalings have been plotted in the right hand panel of Fig. 6 . In both cases showing a good agreement. We also see that the residual frequency as previously mentioned, is significantly smaller than the electron diamagnetic frequency when the mode evolves in the presence of pressure gradients producing the so called drift-tearing mode. Plotted in the bottom panel of Fig. 5 are the mode frequencies with (horizontal solid lines) the corresponding diamagnetic frequency as given by the above expression, giving good agreement in the collisionless limit. It is also found that the frequency never reaches the Drake and Lee semi-collisionless expression of, ω = ω * n + 5/4ω * T which are also plotted as horizontal dot-dashed lines, although a qualitative agreement as a function of the pressure gradient is seen i.e. with a larger background pressure gradient a larger maximal frequency is seen. It is also noted that the collisionality threshold at which the mode changes the sign of its rotation is a function of the pressure gradient, with a higher threshold seen at higher background gradients. While the mode start to be stabilised at a lower collisionality, the opposite relation.
VII. CONCLUSIONS
Using the global version of the gyrokinetic code, GKW, the tearing mode has been studied in the linear regime for experimentally relevant paramerters in three dimensional, toroidal geometry for the first time. The collisionality, equilibrium temperature, density and current gradients were varied and their effects on the mode stability and frequency were analysed. The main results can be summarised as follows:
• The tearing mode growth rate scales with the resistivity close to the η 1/7 scaling as calculated by Fitzpatrick [19] in the semi-collisional, high ∆ regime as opposed to the semi-collisional scaling of η 1/3 found in the kinetic treatment of Drake and Lee.
• The stability of the mode follows closely the stability calculated in cylindrical geometry performed by Wesson et. al. [42] . However, our analysis differs in that multiple rational surfaces may be present within the domain and so allows double tearing modes and toroidal coupling of modes, a process which is known to be destabilising, as such more modes are excited in our global toroidal treatment.
• The mode is seen to rotate at the electron diamagnetic frequency when a pressure gradient is present, as is characteristic for the drift-tearing mode. However, this is a function of the collisionality and the sign of the rotation frequency is seen to change at a sufficienty high collisionality.
• A residual non-zero, mode frequency, is found for the classical tearing mode in three dimensional toroidal geometry, even when equilibrium pressure gradients are not included. Suppressing toroidal drift effects recovers a zero mode frequency.
• Pressure gradient stabilisation of the mode is apparent, even though β e which determines the effective stabilisation, is small.
Linear mode evolution is valid only when the generated magnetic island is small compared to the resonant layer width, which in these simulations were smaller than the ion gyroradius. However, the mode frequency is important for the non-linear evolution of the magnetic island and in particular the polarisation current drive of the tearing mode, and its neoclassical modification, the Neoclassical tearing mode, particularly when the magnetic island is small [24] .
